The paper addresses the problem of design of a robust controller for a class of nonlinear uncertain systems to guarantee the prescribed decay rate of exponential stability. The bounded deterministic uncertainties are considered both in a studied system and its input part. The proposed approach does not employ matching conditions. benchmark example of a simple 3rd order nonlinear system is used as an example for a design of controller which guarantees the exponential stability of the controlled uncertain system. The paper is organized as follows. In Section 2 the problem formulation and some preliminary results are brought. The main results for nonlinear system are given in Section 3, for linear continuous-time systems in Section 4 and for linear discrete-time systems in Section 5. In Section 6 the obtained theoretical results are applied to Chua's circuit and the corresponding simulation results are provided.
Introduction 2 Problem formulation and preliminaries
The corresponding system without uncertainty, referred to as nominal model, is Owing to Lemma 1 the generalized uncertain dynamic system (1) can be rewritten in the form where x E R n is the state, u E Rm is the control vector, The following equality is true for a nonlinear function.f{x)
(1) decades numerous papers dealing with a design of robust control schemes to stabilize such systems have been published, [2] , [4] , [11] , [12] , [13] , [14] . In the case of nonlinear systems, significant results on analysis and design of robust control systems have been obtained. Various approaches have been studied for nonlinear systems, the Lyapunov function method being of central importance.
In this paper we consider the issue of robust exponential stability of a class of nonlinear and linear continuous-time uncertain systems and linear discrete-time uncertain systems using the direct Lyapunov method. These systems are described by a generalized dynamical model, where the upper bounds on both input and system uncertainties are supposed to be known. The robust exponential stability of nonlinear and linear systems plays an important role to guarantee robustness and dynamic performance quality of a system, [5] , [12] , [13] . In this paper the analytical method for a design of nonlinear control systems which guarantees the robust exponential stability is proposed. It is based on the semilinear representation, [1] , of a nonlinear system, definition of exponential stability of generalized dynamical systems, [9] , and the using of the polynomial formalism to shape the "eigenvalues" of nonlinear systems, [7] , [8] . For a linear case the Lyapunov function method provides a useful tool for a design of static output feedback controller which guarantees the robust exponential stability of linear continuous-time systems. For discrete-time systems the static state feedback controller is studied. The so called Chua's circuit, [3] that has become very popular recently as a
The corresponding nominal closed-loop system is Assumption (5) provides the upper bounds on uncertainties. Let us note that the uncertainties can be nonlinear and fast time-varying and no statistical information about them is assumed.
Let the control algorithm be u =-kT(x)x (6) where k(x) E Rnxm . Then the closed loop uncertain system is 3 Robust control system design --Nonlinear case
The relationship be~en properties defined in Definition 1 and 2 is given in Lemma 2. Lemma 2 Consider the system (12) and assume that there exists a Lyapunov function for a system (12) with properties (9), (10) 
According to Lemma 2 robust exponential stability with a decay rate a implies exponential convergence with a decay rate A, where constants in (11) can be determined through the constants from (10) corresponding to (9) ,
Let us finally state the problem studied in this paper. Problem. Find the control algorithm (6) so that the closed-loop system (7) with the bounded uncertainties (5) is robustly exponentially stable with a prescribed decay rate a.
where A(x) and b(x) are supposed to be known. The unknown matrices 8A(x) and ob(x) represent system and input uncertainties respectively. Assume that the upper bounds on these uncertainties are known. In other words, there exist two known symmetric positive definite constant matrices Q = QT E Rnxn, R = R T E Rmxm and constants Ya~0 and Yb~0 such that
In this section the analytical method with polynomial formalism is used for a design of the state feedback nonlinear controller (6) which guarantees the robust exponential stability of the uncertain closed-loop system (7) with the bounded uncertainties (5). The nonlinear controller design procedure is divided into two steps. Assume that m=1. Firstly the vector k(x) is determined for the nominal model and decay rate al. The sufficient stability conditions for the closed-loop system (7) with uncertainties (5) guaranteeing the robust exponential stability with decay rate a are investigated in the second step.
Consider the nominal closed-loop system (8) . The eigenvalues AI of the matrixAc(x) are given by the equation
Before the exact statement of the studied problem let us introduce the following preliminaries.
Definition 1
The uncertain closed-loop system (7) is said to be robustly exponentially stable with a decay rate a> 0 if there exists a Lyapunov function V(x) : Rn~R+, V(x) E C 1 , for the nominal closed-loop system (8) so that for all initial conditions x(to) = Xo E R p and for all admissible uncertainties given by (5) the following inequality holds along the solution of (7).
)::;; -aV(x) (9) with cl11xi1 2 ::;; V(x)::;; c211xi1 2
(17) iii) The polynomial equation (15) 
1=1
Let us now provide the sufficient conditions to guarantee the exponential stability of uncertain closed loop system (7) with uncertainty bounds (5). Theorem 3 The uncertain dynamic system (7) with bounded uncertainties (5) 
where where y E Rl is output vector of the system, A,B, C are real constant matrices of appropriate dimensions representing a nominal system. The unknown matrices 0.4, BB, of the corresponding dimensions, are piecewise continuous and bounded in every time and represent system and input uncertainties. They can be nonlinear and fast time-varying, no statistical information is assumed to be known. The following assumptions for the system (22) are considered.
Assumption 1 The pair (A,B) is uniformly completely controllable. Assumption 2 The uncertainties 0.4, BB satisfy the inequalities

OATOA~YaQo
Proof of Theorem 1 is given in [7] .
In the following it is assumed that the conditions of Theorem 1 are satisfied. From (17) it can be seen that by choosing functions Adi(X), i = 1, ... , n it is possible to achieve stability and desired quality of the nonlinear closed loop system (8) . In the next paragraphs our main results on exponential stability of the nominal as well as uncertain system are provided.
Theorem 2
The dynamic system (8) with x E R p converges exponentially with a decay rate a 1 towards the final attractor for a control gain vector k(x) if the following sufficient conditions hold
ii) There exist positive functions Ydi(X), i=I,2,...,n for all x E R p such that the matrix H~(x)+Ha(x) (19) has all real parts of eigenvalues in left half plane, where
H d(X) is nxn matrix with characteristic polynomial
Hd(A,X)=rr (A-Ydi(X».
(20)
1=1
iii) There exists a candidate Lyapunov function Vex) : Rn~R+ for nominal closed-loop system (8) .
iv) The conditions of Theorem 1 are satisfied.
v) The entries of gain vector k(x) are determined from the following polynomial equation
The proof of Theorem 2 is omitted for space reasons. 
uncertainties given by (29) the following inequalities hold along the solution of (28) The aim of robust control design is to achieve the robust exponential stability of the closed-loop system (34) with a prescribed decay rate. The sufficient conditions for robust stability of closed-loop system (34) are given in the Theorem 5.
Theorem 5
The closed-loop system (34) is robustly exponentially stable with a decay rate a > 0 if the following conditions are satisfied. i) Assumptions 4, 5.
ii) There exist a constant !PI > 0 and a symmetric positive definite matrix Qa such that
is exponentially stable with a prescribed decay rate a. The sufficient conditions for the exponential stabilizability of the uncertain system (25) are provided in Theorem 4. Theorem 4 The uncertain closed-loop system (25) is output feedback robustly exponentially stabilizable with a prescribed decay rate a if the following sufficient conditions hold. i) Assumption 1-3. ii) There exist positive constants a I~a, 8 1,82 such that the matrix M is negative semidefinite,
where QI =Qi > 0, Q = Qo + QI, matrix P is calculated from the Lyapunov matrix equatioñ
The proof is omitted for brevity.
5 Robust control system--linear discrete-time case
Consider the linear uncertain discrete-time system (28)~v
Consider now the constant state feedback control
The corresponding uncertain closed-loop system is
where The proof is omitted.
To make M a be a negative semidefinite matrix, the robust control design strategy aims at determining feedback matrix K such that AM(Pa) and IIKJI are minimized, parameter !P I is to be optimized.
6 Example -Control of Chua's circuit
The so called Chua's circuit has become popular recently as a benchmark example of simple 3rd order nonlinear system exhibiting various forms of chaotic behaviour ( [6] ). Its model in normalized form is given in [3] .
where
Owing to Lemma 1 the system (37) can be rewritten 
The entries of e are the coefficients of the polynomial For e I = I, U 1 = 5 and U = 3 is M=O and the investigated uncertain system is exponentially stable with decay rate U = 3. The dynamic behaviour of the controlled system with uncertainties is in Fig.4 . FI!~IIIC ,I lJnccrr:111I cOlli 10 II ccl Slslel11
